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SMOOTH VALUES OF THE ITERATES 
OF THE EULER’S PHI-FUNCTION 


Youness Lamzouri 


Abstract. Let 4>{n) be the Euler-phi function, define <^o(^) = ^ and <?ife+i(n) = 

for all k > 0. We will determine an asymptotic formula for the set of integers n less than x for 

which 0fc(n) is y-smooth, conditionally on a weak form of the Elliott-Halberstam conjecture. 


1.Introduction 

Integers without large prime factors, usually called smooth numbers, play a central role 
in several topics of number theory. From multiplicative questions to analytic methods, 
they have various and wide applications, and understanding their behavior will have im¬ 
portant consequences for number theoretic algorithms, which are an important tool in 
cryptography. 

Let 4>{n) be the Euler-phi function, dehne (poin) — n and 4>k+i{n) — 4>{4>k{n)) for all k > 0. 
There are several interesting results on the behavior of the functions cpk (Erdos, Granville, 
Pomerance and Spiro [5]). It is known that the understanding of the multiplicative struc¬ 
ture of the phi-function and its iterates is in some sense equivalent to studying the behavior 
of the integers of the form p — 1 where p is prime. It is also believed that the distribution of 
the prime factors of such an integer behaves like that of a random integer, in the following 
sense: Dehne 

T(a;,y) =: |{n <x p\n p <y}\ and 7r(x,y) = \{p < x : q\p — 1 q < y}\. 

Conjecture 1. Fix U >1. If x^!^ <y<x then 

7r{x,y) '^{x,y) 

—~ - as X —*• cx). 

7r(x) X 

Assuming this conjecture one can deduce the behavior of the function Ti{x,y) from the 
known asymptotic formula 

T(x,y) ~ xp{u) as X —>• cxD with x — y^ 

AMS subject classification: 11N37, 11B37, 34K05, 45J05. 
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where p{u) is the Dickman function, dehned as the unique continuous solution of the 
differential-difference equation up'{u) = —p{u — l) for n > 1, satisfying the initial condition 
p{u) = 1 for 0 < n < 1. 

Now let P be a set of prime numbers and dehne 


P) — {n < 


X 


P[> 




One might guess 

(1) 


Ti{x,P) \l/(a:,P) 

- r\j - 

t:{x) X 


as X 


CX), 


under certain conditions on the set P. 

Granville [7] has an unpublished argument that Conjecture 1 holds for u = log(a:)/ log(y) 
bounded, assuming the Elliott-Halberstam conjecture (E-H) which states that: 


E 


max max 

y<x (a,(j) = l 


7r{y;q,a) 


T^{y) 

Hq) 


X 

log(a:)^' 


A weak version of this conjecture is the following: 
Conjecture 2. Fix e > 0. Then 


E 

d<x^-^ 


Tl{x] d, 1) 


Tl{x) 

(j){d) 


o (7r(a:)) as x ^ oo. 


We will prove a version of (1) assuming this Conjecture; specihcally we show the fol¬ 
lowing: 

Theorem 1. Assume Conjecture 2. If P is a set of primes less than x for which 


1 

V - < 1 


then 


p^p 

p<T 


7r(a:, P) 
Ti{x) 


nb 


p^p 


1 


[p-if 


'^{x,P) 


as X ^ oo. 


X 


Note that there is an extra factor in Theorem 1 compared with (1). To see why we 
should expect this, let q be some prime; then the probability that a random integer n is 
divisible hj q is 1/q. Now the probability that a random integer of the form p — 1 (where 
p prime) is divisible by q is l/{q — 1) (since p is excluded from the class 0 mod q). The 
differences between the two probabilities are negligible as q increases, however this is not 
true for small primes q, and thus we need a correction factor (it can be removed in some 
special cases, see Lemma 2.1). 

Dehne 

^k{x,y) ^\{n<x: p\(f>k{n) p < y}\. 

Using Theorem 1 we get an asymptotic of this function conditionally on conjecture 2. 
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Theorem 2. Assume Conjecture 2. Fix U > 1. If y 


— x^l 


where 1 < u < U, then 


^k{x,y) xak{u) as x ^ oo 

fU 

where ak{u) = 1 foru < 1, and uak+i{u) = / ak+i{u — t)ak(t)dt foru > 1, with cro('u) = 

Jo 

p{u) — ((e + 0(1))/^log('u))“. Moreover, for all k > 1 


akiu) 


1 + 0 ( 1 ) 


logfc('U) log;t + l(«) 


u 

and logfc('u) 


log(log(log(... log('u)...))) k times. 


The first step in the proof uses simple combinatorics to approximate the functions 
^k{x,y) by '^{x,Pk), where Pk are the sets of primes defined iteratively by Pjt-i-i = {p < 
X : q\p-l q G Pk}, with Pq = {p < y}- 


Proposition 1. 


^kix,y) = ^{x,Pk) +0 


xflogx)'^’^ 


From the fact that \Pk\ = 'n'{x, Pk-i), the next step in proving our Theorem 2 is to 
establish a relation between |P| and P) for any given set of primes P. This was done 
by Granville and Soundararajan [8] while studying mean values of multiplicative functions. 
They proved the following proposition: 

Proposition 2 (Proposition 1 of [8]). Let f be a multiplicative function with |/(n)| < 1 
for all n, and f{n) = 1 for n < y. Let 6{x) = log(p) and define 

p^x 


Then x(t) is a measurable function with x(t) = 1 for allt<l. Let a be the corresponding 
unique solution to the equation: 


( 2 ) 


ua{u) = / a{u — t)xit)dt for u > 1 


subject to the initial condition a{u) = 1 for 0 < n. < 1. Then 


^ f(n)=a(u)+0 

n^y'^ 


U 


log(i/) 


From this result and by partial summation we can deduce 
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Corollary 1. Fix U > 1. Let P be a set of primes less than x such that Pq C P, and f be 
a completely multiplicative function such that f{j>) = 1 if p & P and 0 otherwise (so that 
f(n) = 1 for all n <y). For 1 < u < U, define 

x{u) := ——- 1 , 


then 

nKx 

where a is the corresponding solution to (2). 

It remains to study (2), a delay integral equation, and to try to estimate the solution 
cr where x is a certain measurable function. In several interesting cases x{'^) decays like 
({1 + o(l)}//i('u))“ where h is positive and non-decreasing. We prove the following: 

Theorem 3. Let x be a real measurable function for which xif) = 1 for 0 < t < 1, and 
0 < x(^) < 1 for t > 1. Moreover suppose that 

i) x{t)dt = 0 for some constant T. We define T = min{t : x{t)dt = 0} to avoid 

redundancy, and suppose that T > 1. 

or ii) x(^) = ({1 + o{l)}/h{t)Y where h(t) is non-decreasing and h(t) oo as t ^ oo. 

Let a be the corresponding solution to (2). Then 


a{u) = exp (-^(u) 0 ( 1 ))^ 




■dv 


where f,{u) is the unique solution to u = / x{v)e^^'^^^dv. 

Moreover we can get explicit asymptotic in a number of interesting cases, we prove 

Proposition 3. Let x be a real measurable function for which xif) = 1 for 0 < t < 1, 
and 0 < x(^) < 1 for t > 1. Suppose that x{b)dt = 0 for some constant T. We 
define T = min{t : x{b)dt = 0} to avoid redundancy, and suppose that T > 1. Then 

C{u) = (1 + o(l)), and 


a{u) = exp + o(l))^ . 

Proposition 4. Let x be a real measurable function for which xif) — 1 for 0 < t < 1, and 
0 < x(^) < 1 for t > 1; and suppose that xif = ({1 + of)} / hiu))^ where h satisfies the 
following conditions: 

i) h is positive and non-decreasing with hiu) oo as u ^ oo. 



SMOOTH VALUES OF THE ITERATES OF THE EULER’S PHI-FUNCTION 


5 


ii) h is continuously differentiable and uh'{u)/h{u) n as u ^ oo for some 0 < n < oo. 

We distinguish two cases: a) 0 < n < oo and b) n = 0. 

Then 

V/i(Clog('u)) j ’ 

where ( — e/n in case a) and ( = 1 in case b). 

The distinction between cases a) and b) in Proposition 4 jnstifies the appearance of the 
constant e only in the asymptotic of ao in Theorem 2. 

Acknowledgments. 

I sincerely thank my advisor, Professor Andrew Granville, for all his advices and en- 
conragements. I wonld also thank the referee for his rigorons comments and remarks. 


2. Proof of Theorem 2 


Lemma 2.1. Assume Conjecture 2. Fix U > 1. Suppose that P is a set of primes less 
than X for which {p < y} F P, where y = and 1 < u <U. Then 

Ti{x,P) '^{x,P) 


Ti{x) 


as X ^ oo. 


X 


Proof. We have that 


1 1 

> - < > - < log 

p p 

P^P y<p<x 

p<a: 


log(T) \ 
log(i/) / 


= log('u) -C 1 


and, since 1 — t > e for 0 < t < 1/2, then 


p^p 


1 


{p-iy 


2/ > 


n 1 


p>y 


1 


{p-iy 


> exp 




1 )’ 


= 1 + 0 ( 1 ). 


The resnlt follows by Theorem 1. 

Proof of Theorem 2. First note that the sets Pk for k > 0 satisfy the conditions of Lemma 
2.1. Now Po) = ~ p{u)x as x ^ oo. We nse indnction on k: snppose that 

Pfc) ~ ak{u)x as a: —> cx) for some smooth fnnction ak{u); then by Lemma 2.1 

|Pfc+i| Ti{x,Pk) T(a:,Pfc) 


X 


ak{u) as X ^ oo. 


Ti{x) Ti{x) 

Now by corollary 1 we have 

T(a:, Pk+i) ~ crfc+i('u)a: as a: ^ cx), 

where a'A;_|_i('u) is the corresponding solntion to (2) with x('u) = akiu). Noting that ao(u) = 
pin) ~ ((e + (^(l))/^log('u))“ and nsing proposition 4 we deduce that 

( \ — ( 1 + q(i) 

^ VlogfcWlogfc+iW 

by induction. Thus, using proposition 1, the Theorem follows. 
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3. Proof of Theorem 1 


Lemma 3.1. If P is a set of primes < x, then 


E-«i 

p 

pip 

p<x 


n 1 


log(a;) 


Proof. The result follows since 


n 1 




o E 


log(a:) 


by Mertens theorem. 

Lemma 3.2. Let m,d be positive integers such that d\m, then we have 


'‘(‘'I E ^ E 


n>l 

d\n 

p\n p\d 


n ^' r 

rKx/n 


Proof. The result is trivial if fr{d) = 0 or d = 1. We £x m and do a double induction on 
d > 1 and x > 1. Now 


:= 


E fri^dn^ ni^df) v Lip) /u(d) v / 

dn d n d n ^ 

L^x/d Tf^x/d n’^x/d a\n 


(n,d) = l 


^y^ia) y ^ 

d ZL^ n 

a\d nKxjd 


Lin) Lid) 


— yLio)Saix/d). 


Now each a < d and x/d < x so, hj induction 


= E ^ E 

a\d n>l r<xlnd 


p\n p\a 


n r 

n>l r<xlnd 

p\n =► p\d r\m 


y ^i^ 

a\d 


p\n 'p\a 
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Now if we write n = p^iP^ 2 ----P^k with each bj > 1, then p\n p\d implies that 

PiP 2 ---Pk\d. Moreover if a satishes a\d, a|n, p\n p\a, and a is a sqnarefree, then a 

mnst be piP 2 ---Pk', which implies 




a\d 

a\n 

p\n => p|. 


Then, writing I = nd, we have Sd{x) = pL{d) , as desired. 

1>1 rKxjl 

d\l r\m 

p\l p\d 

Lemma 3.3. For any positive integer k we have 


log(n) 


n>l 

k\n 

p|n 'p\k 


n 




4,{k) P-i 


log(fe) 

m 


Proof. Writing n = kd we have 


E 


log(n) 


n>l 

k\n 

p\ri p\k 


n 


E 

d>l 

p\d p\k 


log(d) + logjk) 
dk 


1 ^ log(d) log(fc) 

^ m 

p\d => p\k 


Now if pi,p 2 , Pn are the prime factors of k then 


E 


log(d) 


d>l 

p\d p\k 


d 


E 


tti >0 

l<i<n 


ailog(pi) +a 2 log(p 2 ) + ■■■ + a„log(p^ 

a^ ao. clti 
Pi P2—Pn 


EE 

i=l \ai>0 


di log(pi 


Pi 


\ 


n 

l<j<n \^aj>0 

\ 


E 


log(pi 


n b 


Pi ( 1 - ^ 


-1 


k log(p) , . , . , , 

y -which gives the resnit. 


(f){k) ^ p-1 

p\k 


We state a classical resnit of Sieve theory which is nsed thronghont the proof: 
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Lemma 3.4 (Brun’s Sieve). Let A be a set of positive integers contained in 
Suppose that for each prime p < N, A is excluded from u){j>) residue classes mod p, where 
u is a multiplicative function and u{p) 1. Then 



Proof of Theorem 1. Let e > 0, P* 


{p < x} \ P, and m 


p. Then we have 

pEP* 


( 3 ) 


7r(a;, P) 


Z 1= E 1 

q\p—l => qEP (p—l,m) = l 

n{d)7r{x; d, 1). 

d\m 


Tid) ='^nid) 1 

p<x d\(m,p—l) d\m p<x 

d\p-l 


Now by a similar argnment we have 


( 4 ) 


dKx 

d\m 



By (3) and assnming Conjectnre 2 we have 


/ 


( 5 ) 


7r(a:, P) = 


E 


1 dKx 
\ d\m 


fr{d) 

' <P{d) 


\ 


7r{x) + O 


) 


( \ 

^ 7r(a;;d, 1) 

1 <d<x 

\ d|m / 


+ o{'n{x)). 


From (4), lemmas 3.1 and 3.4 we dednce 


( 6 ) 


P) — X 


//(d) 


dKx 

d\m 


d 


< 


E's E 


d<x d<x 

d\m p\d => p(^P 


peP 




X 


pj log(a;) 


Also by lemmas 3.1 and 3.4 we have 

E (iS E 


x^ <d<x 


r dT(t,P*) ^ T(rr,P*) T 

d J ^ X jx^~ 

x^ <d<x 


T(t,p*; 

t^ 


dt 


dl? 


p|d =► peP* 




( 7 ) 
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Then from (5), (6) and (7) we dednce 


7r(a;, P) 
7r{x) 


n 1 


p^p 


(p-iy 


T(a;, P) 


X 


^ Kd) _ ^ Kd) 
- ^ M) ^ d 

d<x^ ^ d<x^ ^ i 

d\m 

( 


d\m 


+ 0(1)- 


n 

E 

\ d\m 

3.4, and the fact that logfa:) 

<>(>■) 

J2 Tr(x-,d,l)^ Y1 Y1 

-^<d<x r<x^ x^-^<d<xlr r<x^ pEP 

p\d => p^P 


ly lemmas 3.1 


\ 

I 

/ 

we get 


1 


d\m 


p\d => p^P 
dr-\-lprime 

X 1 

^ log(a:)2 ^ 

' r<x^ 


pEP 


ni 


1 


P^p<x^^ P 

pr 


1 X 

’ <P{r) ^ ^log(r 

3mma 3.2 


x) 


we have 

~d~^ m) 

l<x^-^ k\d > 


d< 
d|m 


\m 


A^(^) 1 

^ 4>{k) ^ d ^ 4>ik) ^ n ^ r 

k\d\m 

/^(^) V ^ 1 V ^ 

(b(k) ^ n ^ r 

^ n>l 


t) 


(r) 


pV 


^ r ^ (j)(k) 

_ r<x^ ^ 

k\n 


T<x^~^ In 
r\m 

p\n p\k 


k[ 


In : 


^ r\m 

> p\k 


d{k) ^ 

6(k) ^ n . ^ 

k\m n>l 


'/n<r<; 

h:\fL ' 

p\n 


k[ 


x^ '/ 
n 


.X 


- P\k 


r\m 


! RHS of (10) is eqnal to: 

vild-nO-lV‘ 


r\m 


r\m 
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By integration by parts and nsing lemma 3.4 we have 


E 


//(r) 


r\m 


< 


E 7 


< 




^ In<,r<x^ 


r .L.i-e 


^ jn 




n.(-; 


peP 


1 + 


' x^ ^ n 


dt\ log(n) 
log(x)' 


Then, by lemma 3.3 

V <P{k) ^ 

k\m n>l 

k\n 


1 

n 


log(ii) 

r ' 6{k) ^ nlogfa;) 

fc|m ’ n>l ’ 


E 

x^ ^ ln<r<3 


/^(^) „ d{k) 


p\n p\k 


r\m 


( 12 ) 


k\n 
p\n => p\k 

1 ^ ^(fc)log(fc) 1 

log(a)) ^ <l>{kr 

k\m 


log(a:) 


Thns combining (8), (9), (10), (11) and (12) gives the resnlt, letting e —0. 


4. Proof of Proposition 1 


Lemma 4.1. Pq = {p < y} ^ Pi ^ P 2 ^ ■■■ ^ Pk ^ ••• where Pk+i = {primes q < x : 
p\q-l ^ pe Pk}. 

Proof. If p G Pq then p < y and so p — 1 < p, which implies q\p — 1 q y- This 

means that p G Pi. Now nsing a simple indnction argnment: if p G Pfc then q\p — 1 
q e Pfc_i C Pfc, and so p G Pfc+i. 

Lemma 4.2. Let r be a positive integer. Then 


R{r, /c, x) 


E 

y<r<qi<...<qk<x 

r\qi-l,qi\q2-l,...,qk-l\qk-^ 


1 

— < 
qk 


(logo: + 1)^ 
r 


We deduce that 


5'(r, k, x) 


r\qi 


E 

y<r<qi<...<qk<n<x 

I,gi|'?2-l,...,i7fe-l|i7fe-l,i7fe|n 


a:(loga: + 1)^ 
r 


Proof. Writing qk — 1 = mqk-i we have 



SMOOTH VALUES OF THE ITERATES OF THE EULER’S PHI-FUNCTION 


11 


and 


then by indnction 


R{r,l,x) < V — < 
mr 


1 log X + 1 


m< ^ 

— r 


(logo; + 1)^ 


i?(r, k, x) < 

r 

The second ineqnality follows since 
5'(r, /c, x) < 




X 


y<r<q\<...<qk<x 

r\qi-l,qi\q2-l,---,qk-l\qk-^ 


— = xR{r, k, x). 
Qk 


Lemma 4.3. Define 

Sk{x, y) = {n < X ■. there is a prime p > y such that p‘^\(j)k{'n)} 

Then 

fc-i 

\^{x,Pk) - ^k{x,y)\ < |*Si(a:,|/)|. 

i=0 

Proof. Let Ak{x) = {n < x : p\n p G Pk}- If n G Ak+i{x) and 4>{n) ^ Ak{x)^ then 
there is a prime p which divides <f>{n) and p ^ Pk- Now n G Ak+i{x) so every prime factor 
of g — 1, where q\n^ is in Pk, which implies that p‘^\n. This gives 

Ak+i{x) \ {n<x : (f){n) G Ak{x)} = {n < x : n e Ak+i{x), 3 a prime p G Pk+i \ Pk,p^\n}. 
Then by lemma 4.1 

0 < '^{x,Pk) - ^k{x,y) = \Ak{x)\ -\{n<x: (f)k{n) G Ao(t)}| 

k-i 

= ^ |{ii < T : (j)i{n) G Ak-i{x)}\ -\{n<x: fii+iin) G Ak-i-i{x)}\ 

i=0 

k-i 

= ^ I{ii < T : (/)i(n) G Ak-i{x), there is a prime p G Pk-i \ Pk-i-i,p^\(t)i{n)}\ 

i=0 

k-i 

< Y 

i=0 

Proof of Proposition 1. Note that if q\{(f>{n),n) for some prime q, then q^\n. Dehne 

fc-i 

Sl{x,y) = Sk{x,y) \ (J Si{x,y). 

i=0 
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If n G Sl{x,y) and q‘^\(f)j{n) for some 0 < j < k — 1, then q < y (by definition); also there 
exists some prime p satisfying with p > y, which implies p^ \ Thns we 

have two cases : 

(i) There exists a prime qi\(^k-i{n) snch that p^\qi — l . 

(ii) There are two primes qi\(^k-i{n) and Qi\4>k-i{n) snch that p\qi — 1 and p\Qi — 1. 

In the hrst case qi\(^k-i{n) — (f){(f)k- 2 i'n)), p\qi — 1, so that qi > y, which implies that 
qi \ (f)k- 2 {'n), so that there exists a prime q 2 \(t>k- 2 {'n) snch that qi\q 2 — 1 and q 2 > qi > 
p > y. By a simple indnction, there exist primes y < p < qi < q2 < ... < qa : for which 

p‘^\qi - l,qi\q 2 - 1, ...,qk-i\qk - 

We dednce that the total nnmber of possibilities for this case is: 


Si= 1 

y<p<qi<...<qk<n<x 

p^\qi-^,qi\q2-i,---,qk-i\qk-^,qk\‘n 


S{p‘^,k,x) <x{\ogx+l)^Y^ ^ 

y<p<y/x P>y ^ 


x{logx)^ 

y 


by lemma 4.2. 

Now following an analogons argnment we hnd (for the second case) that there exist 
primes p, Qi, Q 2 ,..., Qfc, Qi, < 32 ,..., Qfc snch that p\qi - l,qi\q 2 - 1,..., Qfc-ikfc - ^,qk\n and 
p\Qi - 1, Qi\Q 2 - 1,..., <3fc-i|<3fc - 1, Qk\n] we’ll have two cases again: 

a) qi 7 ^ Qi for all 1 < i < k. 

b) There exists i snch that qi = Qi] so let j = min{l <i<k:qi = Qi}. 

For case a) the total nnmber of possibilities is: 


^2 = 


y<p<qi<...<qk<n<x 
p<Ql<...<Qk<xi<x 
p\qi-l,qi\q2-^,---,qk-l\qk-^,qk\n 
P\Ql ^^Qi\Q 2 ^ t • • tQ k — i\Q k 


1 < 


< X R{p, k, x)‘^ = O 


p>y 


x(logx 

y 


,2fc 


E 

y<p<qi<...<qk<X 
P<Qi<...<Qk<x 
p|<?i-i,gil<?2-iv,gfc-i|9fc-i 
pIQi —i,Qi|(32 ——1 


X 


QkQk 


by lemma 4.2. 

Now for case b) p\qi - 1, qi\q2 - 1,..., qj-i\qj - 1, p|<3i - 1, <3i|<32 - 1, <3j-i|<3j - 1 and 

Qj = qj\(f)k-j{n), then following the same logic there exist primes Qj+i, 5 ^+ 2 ,..., Qfc snch 
that qj\qj+i - 1, ...,qk-i\qk - l,qk\n. 
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We deduce that the total number of possibilities is: 

/ 


S3= E 

y<p<qi<...<qj<x 


E 

"P 1 ^ j — 


/ \ 

E 

qj<qj + l<...<qk<n<x 


''ir '''i-i- I f j- 'ij I u • 

p|'7i-i,gi|<?2-iv,gj-i|9j-i \p|Qi-i,0i|Q2-1v,Qj-i|<3j-i \qi\qi+i-^,---qk-i\qk-^,qk\n / 

\ 


\ 


I 


( 


E 

y<p<qi<...<qj<x 


E 


S{qj,k- j,x) 


P ^ 1 ^ j — Qj 




y 


/ 


^ E 

y<p<qi<...<qj<x 


E 


a:(loga: + l)^ ^ 


\ 


d '^- 1 - - 'dj—— 1 — qj 

Now writing Qj — 1 = qj — 1 = mQj-iqj-i we have: 

1 


Qj 


) 


Qj — l^Qj — l 


E 


Thus by lemma 4.2 


.Ss < a:(loga:)^ R{p, j - 1, < 

p>y 

We deduce from cases (i), (ii) a) and b) that 


a:(loga: 


T+j-i 


y 


(13) 

Now 


\SUx.y)\ = S^ + S2 + Ss=0 


x{logx 

y 


,2k 


|5'i(a:,i/)| = |5'o(a:,i/)| + |5'i(a:,i/)| = |{n < a: : 3 a prime p > y,p^\n}\ + O 

dc(loga:)^^ X f a:(loga:)^ 

- ^ ^ 

p>y ^ 


a: (logo:) 


<Ei + o 

n<x 

p>y 
p^b 


y 


y 


= oi-]+o 

.y 


a:(loga:) 

y 


= O 


a:(loga:) 

y 


and by simple induction we obtain: 

(14) \Sk{x,y)\ = \Sl{x,y)\ + ^ |>5i(a:,y)| = O 


k-i 


i=0 


a:(loga:)^^ 


Thus by (14) and lemma 4.3 the result follows. 
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5. Proof of Theorem 3 

Lemma 5.1. Let x a real measurable function for which x{'t)^^*dt converges for all 
f and such that C := x{'^)dv > 0. Then for u > and for any e > 0, we have 



Proof. Let e' > 0 and s > 0. Using Holder ineqnality we get 


e / pOo 


1 / 

i —e «oo 

x{v)e^'^dv ] > / 


Xiv)dv 

1 

Now pntting s = ^('u)/(l — e') = ^('u)(l + e”) and since u > we dednce that 

/ OO -I / poo 

ij dv) > 

The lemma follows taking e = ^{u)e'\ 

Proof of Theorem 3. 

The Upper bound. 

From Lemma 3.4 of Granville-Sonndararajan [8] we note that 


1 r 

a{u) =p(w) + ^- 

j~i T J t^-\ — 

Therefore for any ^ G M 

OO .. 

a(u)e^^ = p(u)e^^ + “ 


X(ii) X{tj) 


u U 




p{u — ti — ... — tj)dti... dtj. 


i=i 


L . - t. - ... - ... * 


3- 


Setting F(^) = maXi>o p{t)e^^ we dednce that (by forgetting the condition ti + .. . + tj < u) 


a(u) < f = FK)e-«“exp ( f 

j=o T d 1 J 1 


t 


-dt 


Choose ^ such that u = x(^)e^*dt, that is ^ = ^(u). 
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Now putting C := x{'^)dv we have u — dv > which implies that 

F(£,{n)) < max f il+h^V = 

i>0 V t^og{t)C ) 

and the upper bound follows. 

The Lower bound. Fix e > 0. 

We will show that there exists a constant such that 


(15) cr('u) > (Fe exp ^(n) — e)^. + J 

Let uq be a suitably large number, and dehne 




dv for all n > 0. 


X(n)e 


^{u)v 


-dv 


Ce = Ce,uo = inf T(n) exp (^(n) + e)^ - 

U<U0 \ J 

Evidently (15) holds for all u < uq. 

We use an induction argument. Let n E N such that n > uq and suppose that (15) is 
verihed for all t < n, then we will show that (15) holds for all t E [n, n + 1]. 

X('c)6^^ 

- dv, and let u E [n, n + 1]. Then using our hypothesis we have 


Dehne = 


1 


C',exp(/(^('u))) C.uJo 


x(t)e(«(“)+")V(n - t)e((?(“)+")(“-b-/(^H)c^t 


(16) 


> 


u 


Xit) exp yi^iu) + e)t + (^(n) - ^(n - t)){u - t) + f{^{u - t)) - /(^(n)) )dt. 
Since f'{C) = x(n)e^^(in and using the mean value theorem we deduce that 
(17) 




Now differentiating u = x(n)e^^“i^(in with respect to u we get that 


(18) 


C'{u) = nx(n)e^(“i^dn^ < i. 


By (18) and using the mean value theorem again we have 

t 

u — t 


(19) 


(,{u) < 
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Therefore by (17), then (19) we deduce that 

^ X{t) exp (^(^(w) + e)t + {^{u) -^{u- t)){u - t) + f{^{u - t)) - f{^{u))^dt 

~uji ^ ~ ~ t))^dt 


>-/ X(^)exp (^(w)+e)t 


^ “ / AK^' CAP I -r C l, — - -— (XL 

uJi V {u-t)J 

1 rVu 

( 20 ) > “ / for u > uq. 

u Ji 

For case i), Since xif)dt = 0 and xif) > 0 cill t, then nieas{t > T : x{t) 7 ^ 0} = 0 
which implies that meas{t > T : x(t)e^*^“^* 7 ^ 0} = 0, and so x(^)e^^“^*<^^ = 0- Then 
taking uq > we have 

r\/u pT pT 

( 21 ) j = y > J x{t)e^^"^^dt = u. 

Now for case ii) since x(^) = ({1 + o(l)}/h(f))*, there exist two constants and for 
which 

. /exp(—e/16)V /\ /^exp(e/16)V r 

(22) ( fe(t) j < X(t) < B, ) for every t > 0, 

we consider two cases 

, / e\ . , . , , _ 


exp(e/16) 


for every t > 0. 


> exp • Since h is non-decreasing we have by ( 22 ) 


x(t)e(?(-)+^/2)*rft > A, 


/p(^H+7e/16)\ * 


dt > A^ 


1 KHV^) 




>A, I = 1^ ^e(3=/i6)vi: _ ^3</16 j > jj_ 


for U > Uq. 


2). < exp (—--) . Using lemma 5.1 and (22), then the fact that h is non- 

h{y/u) V 4/ 

decreasing and u > we conclude that 

/\fu pAu 

x(t)e(^H+^/2)idt > / 


> _ R 


> _ R 


/■“ /eU(“)+3Ui6) 
VH V ^(^) 




h{y/u) 




> ^^i+U(i6?H) _ exp - ev^/lb) > u, 
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for u > uq. Thus using (16), (20) then (21), (23), and (24) the result follows. 

6. Getting the asymptotic of a explicitly 
Lemma 6.1. //^(n) = o(log('u)) as u ^ oo, then 

/ - dv = o{u) and so a('u) = exp((—^(n) + (^(l))^.). 


Proof. Since x(^) ^ 1 every t > 1 and using our assumption we have 


\ logCn,) /. / \ 

- dv = / - dv + / 

V V / lae(t») 

S(“) 


-dv 


< 


log(-u) 

?(“) 


ePP^dv + [ x{v)e^^^^^dv 

log('u) 


1 / f\ , ^('^)'^ / \ 

) + TTTTTV = o{u). 




log('u) 


Proof of Proposition 3. Let C,{u) be the unique continuous solution to the equation u = 
/Q{u). Since xif) < 1 all t, we have 

gCGl'T fT Mu)T _ Mu) MpT 

r_= / dv < - _-_ < -_ 

c(m) a ' - e(M) ««) ’ 

and since the function /(^) = is non-decreasing for ^ > 1 we deduce that C,{u) < iiu). 

Now hx e > 0 (such that T(1 — e) > 1), and suppose that there is arbitrary large u for 
which ^(u) > C('i^)(l + ^)- Dehne == It(i-£/ 3 ) xit)dt > 0 (by the dehnition of T) . We 
deduce under our assumption that 

/•'T pCipT 

g^gCH(l+G3)T < g^gT(l-e/3)eG) < / x{v)e^^^^^dv < 

2 t( 1 -€/ 3 ) C(^) 

which is impossible if u is large enough. Thus ^{u) = C('f^)(l + o(l)) as u —> cx). Now we 
trivially have 1 <('('u) log('u), then 

C(n) = !^+!« = i^(l+o(l)). 


T 


T 


T 


log('U 


We deduce that ^{u) = ———(1 -|- o(l)), and the result follows combining Theorem 3 and 

Y(v)eP'^P 

the fact that / - dv = 0(u). 

Jl V 

Now we prove Proposition 4; dehne g{u) := h{u)/{uh'{u)). 
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Lemma 6.2. Let h{u) he a real differentiable function with uh'{u)/h{u) = n + o{l), where 
n is a positive constant. Then for all k > 0 we have h{ku) = h{u)k'^~^°^^\ 

Proof. We have that 


log 


/ h{ku)\ 

VW; 


'^ku 


m 

hit) 


dt 


r in+ 0(1)) 
Ju t 


(n + o(l)) \ogk. 


Lemma 6.3. Assume the hypothesis of Proposition 4 b). 
Then log('u)) = (1 + o(l))/i(log'u), where v{u) := min 

and viu) oo as u ^ oo. 



min 

log(u)<t<log^ (u) 



Proof. Since (/(t) —> cx) as t > cx) then viu) —> cx as w —> cx, so if n. is large then 
viu) log('u) > logw so that /i(n('u) log('u)) > /i(log'u). On the other hand 


log 


/i(n('u) log('u)) 
/i(log('u)) 

1 


l‘v(u) log(li) 
'log{u) 


hit) ) 


dt = 

1 


1 


l‘v(u) log(li) 
'log{u) tdi^) 


dt 


rv{u)log{u) 

lllilllog(K)<t<i;(K) log(K) 17(^) j\og{u) ^ viu) 


(1 + log(n(n))) = o(l). 


Proof of Proposition 4- Fix e > 0 and snppose that there is arbitrary large u for which 
^iu) > log (/i(C log('u))) + e. Then for snch u we have: 

In case a) by (22), lemma 6.2 and since h is non-decreasing 


•u = y xit)e^^'^^^dt > 

pog(u)/n 




hit) 


dt > A. 


^log{u)/n 


/log log(-u) 




= A, 


g(e/2+n+o(l))t^^ > A, 


Aog{u)/n 


./log log(it) 


hog log(-u) 


g(./4+n)t^^ > U, 


/ hie log('u)/n) 
V hi\ogiu)/n) 


t 

dt 


for u large enongh, which is a contradiction. 

Now in case b), onr assnmption and lemma 6.3 imply that ^(n) > log (/i(n('u) log('u)))-t-e/2. 
Then by (22) and since h is non-decreasing and viu) oo a,s u ^ oo 


u = 


x(t)e^*'“^*(it > A^ 


hit) 


f*v(u) \og(u) 


dt > A^ 







> u, 


for u large enongh, which is a contradiction. 
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Now we suppose that there is arbitrary large u for which ^{u) < \og{h{(log{u))) — e. 
Then for such u let q{t) := {^{u) + e/16 — log(/i(t)))t, so that 

At) = eW + ^-iog(M0)-(^). 

Now in case a) q'{t) = ^{u) + e/16 — log(/i(t)) — n + o(l), therefore the maximum of q{t) 
holds at some point to for which q' {to) = 0 so that, under our assumption 

(25) h{to) = < h{e\og{u)/n)e-^-^/'^. 

Now we must have 

(26) to < log('u)(l - e/(4n))/n, 
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Considering the cases to < log('u) and to > log('u) (in which case q{t) is increasing on 
[1, log('u)]), and nsing (27) and onr assnmption on ^(u) we get that 

/ Mu)+£/W\^ 

(—/i(t)—] “ max(log('u)e°*'^°®*'“^\ log('u) exp(—e/2 log('u))) = 

nsing this, (28) and the assnmption on ^(u) we dednce that 

r-OO 

u < + i?e / e~'^l‘^^dt = + o(l), 

ilog(it) 



which contradicts onr hypothesis. 

Now in both cases h'{t)/h{t) < c/t for some positive constant c and for all t. Then 

integrating both sides gives h{t) and this with onr resnlt implies ^{u) log(log('u)). 

Thns by Lemma 6.1 and Theorem 3 the Proposition follows. 
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